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1. INTRODUCTION 
Let G be a finite cyclic group of order g, and let ZG be its integral group ring. 
A ZG-lattice is a left ZG-module which is finiteIy generated and torsionfree as 
Z-module (and hence has a finite free Z-basis). Let w, denote a primitive n-th 
root of unity over Q, and let Q,(x) be the cyclotomic polynomial of order n and 
degree v(n), where QJ is the Euler v-function. Let 
Kn = Q(s)> R, = Z[w,J = alg. int.{K%}, 
so R, is the ring of all algebraic integers in the cyclotomic field K, . We shall 
always identify ZG with the ring fl = Z[X]/(XQ - 1) by mapping a generator 
of G onto x. Then for each integer n dividing g, we have 
and thus R, may be viewed as ZG-lattice. Indeed, every RR,-module becomes a 
ZG-module by virtue of the homomorphism ZG + R, . 
In Diederichsen’s fundamental article [2] on integral representations of cyclic 
groups, one of the vital steps was the computation of Ext&(R, , R,) when m 
and n are divisors of g. Diederichsen proved the following remarkable results: 
Ext&(R, , R,) = 0 unless m/n = pt for some prime p and some nonzero 
t E 2. 
If m/n = pt for some prime p and some nonzero integer t (possibly negative), 
then Ext&(R, , R,) . 1s isomorphic to the direct sum of v(Z) copies of z, where 
Z = Z/p2 and E = min(m, n). 
Diederichsen’s proof, though elementary in nature, depended on complicated 
manipulations with roots of unity. In this article we shall give an extremely 
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simple proof of Diederichsen’s results. Indeed, in case (2) we shall establish the 
stronger result that 
E&,(R, , Rn) ei R~IPRL 9 I = min(m, n). (3) 
Since R, is Z-free on q(Z) generators, (2) follows at once from (3). We shall 
prove (1) and (3) in the next section, and then in Section 3 we shall apply these 
facts to the question of classifying all ZG-lattices which are extensions of 
R,-lattices by R,-lattices. 
As references for the results from algebraic number theory used below, we 
cite van der Waerden [5] and Weiss [6]. For the homoiogical algebra needed, 
see Curtis-Reiner [l] and Rotman [4]. The techniques used in Section 3 may 
be found in Reiner [3]. 
2. CALCULATION OF EXT 
For the remainder of this article, Extl will be denoted by Ext. We need an 
easy result : 
(4) LEMMA. Let a! E A, where A is any ring, and let ii = A/AX. Put 
J = @ E A: ,@a = 01. Then for each left A-module M we have 
Ext(/l, M) E M’/arM, where M’ = {m E M: Jm = O}. 
When A is commutative, the above is a A-isomorphism. 
Proof. The exact sequence of left A-modules 
yields a long exact sequence 
0 + Horn@, M) -+ Hom(A, M) -% Hom(Aa, M) 
-+ Ext(& M) + Ext(A, M) 3 .a.. 
(We have omitted the subscript A on Horn and Ext, for convenience.) But 
Ext(A, M) = 0, so 
Ext(.?f, M) c Hom(Acu, M)/i*{Hom(A, M)}. 
Now each LIZ Hom(Aor, M) is determined by the image j(a) E M. This image 
may be chosen arbitrarily in M, subject to the condition that it be annihilated 
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by J. Thus there is an additive isomorphism Hom(/la, M) e M’, given by 
fdf(cy), fc Hom(Aol, M). Now Hom(A, M) F M, so the image of i* is 
precisely CXM. This completes the proof that Ext(& M) s M’/aM. The final 
assertion of the lemma is then obvious. 
Now let G be cyclic of order g, and let m and n be divisors of g. We show at 
once that 
Ext,,(R, , R,) = 0. 
Indeed, given any ZG-exact sequence 
(5) 
O+R,-M+R,+O 
in which M is a ZG-module, we have di, . MC R, , so @,2iVl = 0. (We write 
@, instead of Q%(X) for convenience.) Thus M is annihilated by the G.C.D. of 
@,a and XQ - 1 in Z[X]. This G.C.D. is @,Z[x], so M may be viewed as R,- 
module. But then the above sequence is R,-split, hence also ZG-split, and so (5) 
is proved. 
Let us now compute Ext(R, , R,) when m # 7t, where Ext means Ext’,, . 
Let Y,(x) E Z[X] be defined by the equation Qi,Yn = XQ - 1; then YJG is the 
annihilator of Dn in ZG. Since !ZJ~~ is a factor of Y,, , it follows that Y,,R, = 0. 
But then 
by (4). This gives 
Ext(R, , RR,) G QM@&), @m(4), (6) 
whence Ext(R- , R,) e Ext(R, , R,). W e could have predicted this last 
isomorphism in advance, by a general argument about contragredients of 
ZG-lattices. 
It is rather complicated to compute Ext(R, , R,) directly from (6), so instead 
we pass to localizations. As shown in [l, Theorem 75.251, Ext(R% , R,) is a 
finitely generated Z-module annihilated by g. It is therefore equal to the direct 
sum of its p-primary components, with p ranging over all prime divisors of g. 
This gives 
Extz&-L , Rd s u Extz+NL)I, r VLM~ (7) 
PIP 
where the subscript p denotes localization at p. From (6) we obtain 
Keep p fixed, and write m = par, n = pbs, where p +’ rs. Let z = z&z, and 
let bars denote images modp. 
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Then we have 
Gm = @)9)(P0), Gn = (GJQW (9) 
Indeed, the zeros of 0, are the y,(m) primitive roots of 1 over Q, while the zeros 
of is, are the v(r) primitive roots of 1 over .?, each occurring with multiplicity 
&P). This proves the first equality in (9) and the second comes from the first 
by renaming the variables. 
Using the above, let us verify that 
ExtZPF((RJp , (R&) = 0 except when m/n = pt for some nonzero t E 2. (10) 
(We are still assuming that m # n.) If m/n is not a power of p, then Y # s. 
Hence (5,) G,) = 1 in Z[X], since every zero of 5,. is a primitive r-th root of 1 
over Z, while every zero of ch, is a primitive s-th root of 1. From (9) we conclude 
that (Gm, G,) = 1 in Z[X]. Let Sz be the resultant of @, and Dn in Z[X]. Then 
Q = i n (ak - 4) E 2, 
k.j 
where CX~ ranges over the zeros of a,,, , and pi over the zeros of @5n . Therefore 
a = f lj (Ek - j&g,, E z. 
k.j 
Since (Gm , G%) = 1, each factor tik - & is nonzero, so a # 0. Hence Q is a 
unit in 2, . But Q E (Qm, @,J, which shows that Z,[X] = (Qpm , @,J whenever 
r # s. Thus we have established (10). 
We now treat the case where r = s and m # n, and begin by showing that 
p E (@% , CD,). There is no loss of generality in assuming that m < n, so a < b. 
put y = xs.P”-‘. Since x acts as w, on R, , it follows that y acts as 1 on R, . 
On the other hand, x acts as w, on R, , so y acts on R, as multiplication by a 
primitive p-th root of 1. Hence 1 + y + ... + yp-” annihilates R, . But 
Ext(R, , R,) is a ZG-bimodule since ZG is commutative. The right action of 
ZG on Ext arises from the left action of ZG on R, , while the left action of ZG 
on Ext comes from from its left action on R, . Further, the two actions of ZG 
on Ext are identical: y[ = 6 for all y E ZG, 5 E Ext. Thus 1 + y + ... + yp-l 
acts on Ext as the zero map (from the right) and as multiplication by p (from 
the left). Therefore p * Ext(R, , R,J = 0, and so p lies in the ideal (Qn , Qm). 
We thus have 
ExhVG , R,) E -Wl/(@n , @m ,P) s -@I/(% , &>. 
But when m < n, $, is a power of 5, by (9). Thus we obtain 
E%,(R, , R,) GS -@l/@,J = -@I/(P, @m> E R~/P&,, . 
This establishes formula (3). 
(11) 
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We have also completed the proof of (1) and (2). Indeed, we have already 
shown that Ext(R, , R,) = 0, so suppose now that m # n. We examine the 
quotients m/n and n/m; if neither one is a prime power, then Ext(R, , R,) = 0 
by (7) and (10). On the other hand, if m/n = pt with t E 2, t -# 0, then we have 
just established (3), and then (2) follows by use of (7). 
3. INDECOMPOSABLE LATTICES 
We keep the notation of the earlier sections. An R,-lattice N is a finitely 
generated R,-torsionfree R,-module, and as such N is automatically a ZG- 
lattice. The isomorphism class of N is completely determined by two invariants: 
the R,-rank v of N, and the Steinitz class of N. (The Steinitz class of N is the 
ideal class of the product n bi when N is expressed as an external direct sum 
uizl bi of fractional R,-ideals bi .) 
Now let M be an R,-lattice of R,-rank CL. We wish to classify all ZG-lattices L 
for which there is an exact sequence 
&O-+M-+L+N-+O, (12) 
where [ E Ext(N, M). In short, we wish to classify all extensions of R,-lattices 
by R,-lattices. Now M is in the same genus as the free R,-module (R,)“, and 
N as (R,)Y. It follows at once from (7) that 
Ext(N, M) E Ext((R,)Y, (R,)e) g EuX”, (13) 
where E = Ext(R, , R,), and E uXV devotes the additive group of all p x Y 
matrices with entries in E. 
Consider first the trivial case where m = n, so E = 0, and L is just an R,- 
lattice. The isomorphism invariants of L are its rank and its Steinitz class (the 
product of the Steinitz classes of M and N). In this particular case, the iso- 
morphism class of L does not determine those of M and N. 
For the remainder of this section, we assume that m # n. We shall use the 
results of [3] freely, usually without explicit citation. As shown in [3], a full set 
of isomorphism invariants of L are 
(a) The R,-rank p and the Steinitz class of M, 
(b) The R,-rank v and the Steinitz class of N, and (14) 
(c) The orbit of 4 in Ext&N, M) under the actions of AutRn(N) 
and AutR,(M) on Ext,,(N, M). 
(This depends essentially on the fact that Horn&M, N) = 0.) 
We may easily handle the case where neither m/n nor n/m is a prime power 
(assuming always that m # n). We have shown that Ext(R, , R,,,) = 0 in this 
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case, so the orbit invariant of L is trivial. Indeed, we have L g M @ N, and 
(14 a, b) give a full set of isomorphism invariants of L. 
Let us turn now to the only case where any difficulty arises, that where m # n 
and m/n =pt, t # 0. There is no real loss of generality in assuming that m <E, by 
the following argument. Given an exact sequence (12), we have QL E QM @ QN 
as QG-modules, and thus QL contains a QG-submodule V E QN. There is 
then an exact sequence 
O-+LnV+L-tL/(LnV)+o 
in which L n V is an R,-lattice and L/(L n I’) an R,-lattice. Thus we obtain 
a new extension problem in which the roles of m and n are reversed. We caution 
that L n V need not be isomorphic to N, however, nor L/(L n V) to M. 
So now let 
m = pas, n = pbs, p 7 s, a < b, 
so Ext(R, , R,) G R,,,/pRm = Rfl (say). Suppose that the invariants (14, a, b) 
are given. We are then left with the problem of finding all orbits in Ext(N, M), 
as described in (14 c). As shown in [3], there is a bijection between this set of 
orbits, and the corresponding set when we replace N by the module (R,)y in its 
genus, and likewise when M is replaced by (R,)LL. In view of (13), we must 
therefore determine the orbits of i?;“’ under the actions of GL(p, R,J from the 
left and GL(v, R,) f rom the right. It follows from (11) that Rm is also a factor 
ring of R, , so both of the groups GL(p, Rm) and GL(v, RR,) act on Rhx” by 
means of the ring surjections R, -+ 8, , R, --f Rm. 
Let 
a4 = fifi(47 
i=l 
fi(x) irreducible in Z[X], 
where as usual z = z/pz. Each fi(@ has degree f, where f is the order of 
p (mod s), and we have f . u = v(s). By (9) and (11) we obtain 
so Rm is a semilocal ring which is a direct sum of u local rings. For convenience 
of notation, let 
si = -Gl/(fi”), e = dP”h 1 <iGO. 
Then each Si is a local principal ideal ring, with maximal idealfiSi . 
Each 6 E RkXY can be written as 4 = .$r + *a. + &, , with fi E Srxy. For each i, 
the matrix fi has entries in the local principal ideal ring Si . By an elementary 
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operation on a matrix we shall mean adding a multiple of one row to another, 
or of one column to another. Now each elementary operation over Si lifts to 
one over R, ; indeed, if ($r ,..., &,} are elementary matrices, with & E SFXU, 
then we can find an elementary matrix 4 E Rkxu, such that 1,4 maps onto 
#i + ... + &, under the map induced by the surjection R, -+ R, . A corre- 
sponding result holds when p is replaced by v, and m by n. 
We may now apply elementary row and column operations (over &) to the 
matrix fi , so as to bring ti into the following canonical form (we illustrate the 
case where p < v): 
Ei = [D O], D = diag(fz”l,fqtZ ,..., fiiUUi), 1 <i<U, (1% 
and ui E u( SJ. (16) 
Here, U(S) denotes the group of units of Si . Furthermore, since for u E u(SJ 
we can express diag(u, u-l) as a product of elementary matrices, it follows that 
we can choose ui = 1 whenever ~1 # v. 
The preceding discussion shows that, without changing the orbit of 6 in 
i?hx”, we may assume that each ei has the canonical form given in (15) and (16), 
with ui = 1 if p # v. For each i, the exponents e,, ,..., ei, are precisely the 
exponents which occur in the elementary divisors (in the usual sense) of the 
matrix fi over the principal ideal ring Si . It is then clear that the set of exponents 
{Q: 1 < i < u, 1 <i < min(p, v)> (17) 
are invariants of the orbit of 5; we shall call them the elementary divisor ex- 
ponents of the orbit of [. 
From the fact that we can diagonalize 5, it follows at once that the only 
indecomposable L’s are those where the ordered pair {CL, v} is one of (1, 0}, (0, l} 
or {I, 1). In the first two cases, L is an ideal of R, or R, , respectively. In the 
case where p = v = 1, L is a nonsplit extension 
‘$:o+a-+L+b+O, 
with Q an ideal of R, , b an ideal of R, , and 5 E Ext(b, a) g i?, . We denote 
this extension L by the symbol (a, 6; [). H ere, identifying [ with its image in 
Rn, we may write 
5 = ~f:fb4i) where 0 < eil < e, ui E u(S), 1 <i<u, (18) 
i=l 
and where ei, < e for at least one value of i. From the preceding discussion (see 
also [3, Section 51) we obtain 
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(19) T HEOREM. A full set of isomorphism invariants for the nonsplit extension 
(a, 6; t), with 6 as in (18), isgiven by 
(a) the ideal classes of a and 6, 
(b) the elementary divisor exponents e,, , e,, ,..., e,, , and 
(c) the image of the o-tuple (u, ,..., u,) in the group 
/fi u(S,l:-‘llSi)j/(imagus of u(R,) and u(R,)). 
In fact, we may even specify the deviation from the Krull-Schmidt-Azumaya 
Theorem in this case; namely, we may decide precisely when two direct sums 
of indecomposables are isomorphic. Let L be any extension of an &-lattice A7 
by an A’,,,-lattice AZ, as in (12). We have shown above that (up to isomorphism) 
L = fi (aj 7 bi; 5”‘) 51 fi aj 3 fi bj , 
j=l ]-=a?1 i ~3141 
where each a, is an ideal of R, , each bj is an ideal of H, , and where 
(20) 
with 
t(j) E (fFjulj ,...,f2’uOj) E fi si 9 
i-l 
0 >< min(e,j ,..., %j) < e = dP”), uij E u(SJ, 1 .< j -< (Y. 
From [3, Theorem 5.101 we obtain 
(21) T HEOREM. Let L be any extension of an R,-lattice N by an R,-lattice M, 
and let L be expressed as a direct sum of indecomposables as in (20). The following 
are invariants of the isomorphism class of L: 
(a) the integer /I and the ideal class of He +, aj (thesegive the invariants of M), 
(b) the integer y and the ideal class of nyEI bj (thesegive the invariants of N), 
(c) the set of elementary divisor exponents {eij: 1 < i < u, 1 < j < a}. 
If either /3 3 a -+ I OY y > 01 -j-- 1 (in other wmds, either SOWE aj OT SOTW bj 
is a summand of L), then (a), (b) and ( c ) are a full set of invariants, and determine 
L up to isomorphism. 
On the other hand, when L - & (aj , bj; [‘J’), then a full set of isomorphism 
invariants consists of those in (a)--(c), together with the following additional 
invariant: 
(d) the image of the u-tuple 
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1 ti u(Sc~~iSi)/ /{images of z&J and u(Q), 
i=l 
where 
mi = min(e - ei, , e - ei2 ,..., e - ei,), 1 <i<U. 
In practice, it may be extremely difficult to determine the group U explicitly. 
For example, let g = pz, m = p, n = p2. Then Gm = (1 - x),-l in Z[X], so 
xm = z[x]/(l - x)p-l. Thus when c = 1, 
U = u(Z[x]/(l - x)“‘),‘image of u(R,), 
where m, = min(e - e, , e - e2 ,..., e - e,). (It turns out that the image of 
n(R,,J contains the image of u(R,) is this case.) Then U is an elementary p-group 
whose rank depends on whether p is a regular prime or not (see [3]). 
Note added in proof. A somewhat different proof of Diederichsen’s results may be 
found in the article by S. D. Berman, “Integral representations of a cyclic group con- 
taining two irreducible rational components,” which appeared in the Cebotarev Memorial 
Volume, Izdat. Kazan Univ., Kazan (1964), pp. 18-29. Also, Hyman Bass recently sent 
me a preprint of his article “The Grothendieck group of the category of abelian group 
automorphisms of finite order, ” in which he independently proves Diederichsen’s results. 
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